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Effect of low-molecular-weight salt on the nematic ordering in solutions of rodlike polyelectrolytes
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Nematic ordering is studied in solutions of rodlike macroions in the presence of monovalent salt ions. The
correlation free energy of electrostatic interactions is calculated within the framework of the Debye-Hiickel
approach. The phase diagram of the system is obtained. We have shown that the addition of salt destroys the
weakly ordered nematic phase which is stable at small polymer concentrations. On the other hand, the salt
widens the region of the phase separation between the isotropic (or weakly ordered nematic) and the highly
ordered nematic phases at high polymer concentrations. An explanation of these effects is proposed.
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I. INTRODUCTION

When macroions are immersed in a medium of low-
molecular-weight ions (counter- and salt ions) we deal with
the screened electrostatic interactions between the macroions
if the distance between them is larger than the electrostatic
screening length. The screening length depends on the state
of the ions (freely moving or condensed) and on their con-
centration. In the case of freely moving ions (high dielectric
constant or temperature) it is assumed that the macroions
interact with each other via the screened Debye-Hiickel po-
tential. In particular, this approach is widely used for the
derivation of the energy of electrostatic interactions in liquid-
crystalline polyelectrolyte solutions [1-10]. Despite a well-
defined interaction potential between the macroions, the ul-
timate theoretical results depend on the way how the system
is treated. As far as the second virial coefficient B
=1/2fd*[1-exp(-U(r)/kgT)] with the Debye-Hiickel po-
tential energy U(r)/kpT=1,7Z* exp(—r/rp)/r is convergent at
large length scales, the electrostatic interaction between the
macroions can be treated as pairwise interactions of similarly
charged monopoles (mean-field treatment). In this case B is
always positive which means that the electrostatic forces be-
tween the macroions are repulsive. Approaches of this kind
were used in Refs. [1-5] for the analysis of nematic ordering
in rodlike polyelectrolyte solutions. The main prediction of
these theories is that the Coulomb repulsion between two
similarly charged rods favors perpendicular orientation be-
tween them, i.e., prevents liquid-crystalline ordering.

An alternative approach is based on the treatment of the
system of macroions with low-molecular-weight ions as a
Debye-Hiickel plasma. It is well known that the correlation
electrostatic energy (per unit volume) of the ideal gas of Z
and monovalent ions takes the form [11]
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where Iz=¢?/(ekzT) is the Bjerrum length, and n and ¢ are
the concentrations of Z and monovalent ions, respectively. If
the concentration of Z ions is small, nZ*<c, Fpy can be
expanded into a series in powers of n:
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where rp=1/(4mlzc)!? is the Debye screening length of

monovalent ions. In Eq. (2) the first term corresponds to the
correlation energy of monovalent ions. The second term de-
scribes the attraction of each macroion to Z oppositely
charged monovalent ions via an unscreened Coulomb poten-
tial at length scales smaller than the Debye screening length.
The third term in Eq. (2) corresponds to the pair-wise
interactions between the macroions. However in contrast to
the mean-field treatment, the second virial coefficient of the
correlation interactions between the macroions is negative,
BCO,.,,=—7T[§Z4FD/ 2. It means that these interactions are at-
tractive. The correlated attraction has a transparent physics
which can be explained on the mean-field level. Two dipoles
of the moments d, and d,, |d;|=|d,|=d separated by a
distance r have the electrostatic potential energy U(r,n)
=[d,-d,-3(d,-n)(d,-n)]/¥*, n=r/r. Weak electrostatic
interactions [|U(r,n)|/kzT<<1] in a disperse gas of particles
of radius r, possessing dipole moment can be calculated
in the second virial approximation. The second virial coeffi-
cient is Bdip:fd3rd9dl,d2[l—exp(—U(r,n) [ kgT)]/ (87)
zfd%dﬂdl,%(U(r,n) [ kgT=[U(r,m) [ kgT?/2+---)/ (8m),
where del’dz means integration with respect to the relative
orientation of the dipoles [11]. Integration of the first term in
the expansion gives zero and Bg,=~-2md*/[9ry(ksT)?].
Therefore, if we treat each macroion in the Debye-Hiickel
gas as a virtual dipole (a monopole surrounded by a cloud of
counterions) with a moment d~ eZrp, and a radius ro~ rp,
we obtain B,,,.=B,. Thus, the electrostatic interactions of
the small fraction of macroions in the Debye-Hiickel gas are
pair-wise but with completely different second virial coeffi-
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cient of even opposite sign compared to the one in the mean-
field theory.

The mentioned simple example demonstrates that the con-
sideration of the correlation effects is very important for a
proper description of polyelectrolyte systems. In particular,
our recent studies of salt-free solutions of rodlike polyelec-
trolytes [9,10] within a Debye-Hiickel-like theory predicted a
quite different behavior of the solution compared with the
mean-field theories. Namely, it was shown that the electro-
static interactions favor nematic ordering [9] and stabilize
the weakly ordered nematic phase already at very small poly-
mer concentrations, which are even smaller then the overlap
concentration of the rods [10].

The aim of the present paper is to study the role of low-
molecular-weight salt ions on the nematic ordering in rodlike
polyelectrolyte solutions, taking into account the correlation
electrostatic energy. The phase diagram of the solution will
be constructed.

II. MODEL

Let us consider a solution of N charged rodlike macro-
molecules (chains) surrounded by their counterions and low-
molecular-weight salt ions in the volume V. Each chain con-
sists of m>1 monomer units and has the length L, L=am,
where a is the linear size of a monomer unit. The degree of
ionization of the chain (the fraction of charged units) is 7,
0= 7=1; each charged unit has an elementary charge e. The
average concentrations of monomer units of the rods,
monovalent counter- and salt ions are p=mN/V, 7p and 2c,
respectively (the average concentration of positive (negative)
ions of the salt is equal to ¢). Following the formalism of the
Debye-Hiickel theory, let us consider an “ideal gas” of
macro-, counter- and salt ions (four-component system),
where the corresponding concentrations weakly fluctuate
around their average values, p(x)=p+ )(x), p.(x)=71p+ &(x),
c*(x)=c+v5(x); #(x), &x) and v*(x) are the amplitudes of
the density fluctuations with p> i/(x), 7p> &(x), c> v*(x); x
is the spatial coordinate. In the Gaussian approximation the
density fluctuations contribute to the free energy functional
according to

SF(p&v'v) 1 [ _dg [@ Pl P
kgT 2) w3 c c  mpty
l _
+ ;|Tlﬂq — &gt V; - Vq|2:| , (3)

where we used Fourier transformed amplitudes; q is the
wave vector and |&,|*= £,&_, etc. The first three terms in Eq.
(3) come from the translational entropy of counter- and salt
ions. The fourth, anisotropic term corresponds to the struc-
tural contribution of the rods (for the detailed derivation of
this term, see Ref. [9]); 7, in its denominator is the structural

function

4 sin’*(q - nL/2)

(q-n)’L? )

tq= f dnf(u,n)

Here f(u,n) is the orientational distribution function,
Sdnf(u,n)=1; u is the unit vector of the preferred orienta-
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tion of the rods (director) and n is the unit vector directed
along the axis of the chain. At large length scales, gL <1, the
structural function tends to unity, tq— 1, and the correspond-
ing contribution to the free energy functional 3 describes
translational motion of the rods. At small length scales, gL
>1, this contribution shows that the spatially inhomoge-
neous distribution of overlapping rods is entropically unfa-
vorable. For example, in the isotropic phase, f(u,n)
=1/(4m), this term is proportional to g,y The last term
in Eq. (3) is the Coulomb interaction contribution of all com-
ponents of the system. Here the parameter [ is proportional to
the Bjerrum length, /=4 lp. This term vanishes in the limit
q— 0 because of macroscopic electric neutrality of the sys-
tem.

The contribution of the fluctuating charges to the total free
energy of the spatially homogeneous solution, Fpy, can be
found following a standard procedure:

~ SF(h,E,v*,v7) }

kgT ZZO})

SF(if, &, vt 1)
_F05 (5)

kT
where Dz,ngDv*Equz//qdfqdv;dv; is a product of differ-
entials; F is the self-energy of macro-, counter- and salt
ions. The calculation of the Gaussian integrals in Eq. (5) is
done in the Appendix. The result is

FDH=—kBT<ln f’DzﬂDfDVt exp{

—In szngDV’—' exp{—

Fpu
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This expression is negative independent of polymer and salt
concentration as well as of the orientation of the chains. Fpy
decreases with the increase of polymer concentration.

The total free energy of isotropic and nematic phases
takes the following form:

2

F, =2 f dnf(u.n)In(47f(u.n)) + ~— f dndn,f(u,n,)
T om 2m

X f(u,m,)B(7y) + P ln<£) +cln(c)+ (p+c)
m \m

2c

J L+mmtg+ —
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The first two terms in Eq. (7) come from the Onsager theory
for neutral rods [1]. Here B=2alL? sin v is the second virial
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coefficient of rods whose axes form an angle . The next
three terms are the contributions of translational motion of
rods and low-molecular-weight ions. Counterions and salt
ions of the same sign are assumed to be indistinguishable
from each other.

III. VALIDITY OF THE DEBYE-HUCKEL APPROACH

The content of the Debye-Hiickel theory is an assumption
of small density fluctuations of charged units of the system,
i.e., effects such as Manning condensation of low-molecular-
weight ions and fluctuation-driven aggregation of macroions
are excluded from the consideration. To ensure this restric-
tion, we have to take into account that the electrostatic inter-
action energies of various units should be smaller than the
corresponding entropic contributions. The salt-free regimes
in semidilute and dilute solutions were analyzed in Refs.
[9,10]. Here we examine the regime of high salt concentra-
tion, Pp<<al'?c3? [at 7> a(lc)"?] or Tp<c [at 7<<a(lc)'?],
and of long rods, clL*>1, in the semidilute solution. For
simplicity we consider the isotropic phase of the solution,
f(u,m)=1/47, and the conditions of applicability of the
Debye-Hiickel theory for the isotropic phase will be valid
also for the nematic phase. In this regime the electrostatic
free energy 6 can be expanded into a powers series in p:

o L[ _da {1 <1+2cl> ZCI}
= — n _— = —
P72 ) @mp? ) 7
dq Tpcl(1+ mrtilo))
@m?  ¢*g*+2cl)
1 [ _dq (dp)’(1 +mrl))? L
4 ) 2w (g% + 2cl)? ’

1[92 sin®(x
W= — f dx 2( ). (8)
gL ) 41 x

Here the first term corresponds to the electrostatic interac-
tions between the salt ions. The second and third terms are
the energy of interactions between counterions (or salt ions
of the same sign) and rods, and the energy of pairwise inter-
actions of the rods, respectively. In the considered limit Eq.
(8) can be calculated as

p
2 l3/2 7,21 11/2 4 2
e o N S S L A
127 8ma 32(2¢)"a
> a(le)'?,
Fon= (2c1)¥? 102¢1)2 2.2 0
B _prQe)™  PPrpt
127 87 32m(2¢)'? ’
\7‘< a(le)'"?.

)

The limits 7> a(lc)"? and 7<<a(lc)"? get transparent physi-
cal meanings, if we introduce a characteristic distance be-
tween charged groups in the rod, A=a/7, and the Debye
screening length rp=1/(2¢l)"?. Then these limits take the
form, rp> A and rp <A, respectively. The expansion of Fpy
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in the limit 7>a(lc)"? [Eq. (9)] is obtained, if we use the
condition 2¢IL*>1 in the second term of Eq. (8) and take
tflo) ~1/(qL) at gL> 1 (semidilute solution) in the third term.

The first and the second terms of the expansion (9) have
to be smaller than the contributions of translational entropy
of the salt ions, ~c, and of counterions, ~ 7p, respectively
(the logarithmic factors are omitted). In the dilute solution
the entropic contribution of rods, F,,, is proportional to
p/m. It describes translational motion of the rods. To esti-
mate the entropic contribution in the semidilute regime we
use scaling arguments. Taking into account that F,,, cannot
depend on m in this regime, we assume F,,,~ p(pa’)?. This
term should cross over to the entropy of translational motion,
p/m, at the overlap concentration p“~1/(a’m?), ie., B
=1/2. The physical meaning of F,,,~ (pa)*? is the entropic
penalty because of the density inhomogeneities: F,,;
~ap(x)Vi(x)/ p~apl E~(pa)*?, where the density fluc-
tuations are strong, /(x) ~ p, at length scales smaller than the
correlation radius £~ 1/(pa)"/?. Therefore, the third term of
the expansion (9) has to be smaller than F,,,~ (ap)*?. Col-
lecting all the conditions, which must be fulfilled simulta-
neously, we get the following criteria of applicability of the
Debye-Hiickel theory:

(@A <rp: alch)'?<r<all, cP<1, lpP<dc,
o7 < al'2c?
b)Y A>rp m<alc)'?, cP<1, mp<c. (10)
D p

IV. SPINODAL OF THE NEMATIC ORDERING

To demonstrate the orientational action of the Coulomb
interactions and the influence of the low-molecular-weight
ions on the nematic ordering, let us calculate the spinodal of
the isotropic phase of the solution toward nematic ordering.
It can be performed by expanding the distribution function
into a series of Legendre polynomials

R P P S T
f(u,n)~4ﬂ_<1+ 5 [3(u-n)"—1]+ ),

3(u-n)’-1

S:fdnf(u,n) 5 , (11)

and equating to zero the coefficient \ in the square term of
the expansion

Fu=F;+ NS+ -+,
_5p S5mp*a’
om 32
1 * (Ipm)*7*(6t,)?
——3]duf dqq2 4 2
4(2) 0 ) o 2¢
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1 (9 sin’(x
R —J dx 2( ), (12)
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where S is the order parameter of the nematic phase. The first
term in N\ comes from the first term of the total free energy,
Eq. (7). It is positive and responsible for the entropic penalty
of the chains because of their orientation. The next two terms
in A\ describe the orientational effect of the excluded volume
and of the Coulomb interactions, respectively. Let us exam-
ine analytically the regime of high salt concentration, 7p
<al'?32, cll*>1. In this regime the values of the wave
vector ¢~ (Ic)"? give the main contribution to the third term
of \. Therefore, we should consider the limit gL>1 in 5tq
(semidilute regime) and neglect the terms 1+mm” com-
pared with 2¢/(7p) in the denominator. In this limit the so-
lution of the equation A=0 takes the form

_ 16 (2¢)*?
P rdm 26 + A12(4a)

(13)

It is clearly seen that the increase of the salt concentration, c,
requires an increase of the polymer concentration, p, to form
the nematic phase. In other words, the salt addition reduces
the orientational effect of the Coulomb forces due to the
screening of charges on the chains.

The value of p in the spinodal has to be subjected to the
criteria of applicability of the Debye-Hiickel theory, Eq. (10).
For the most interesting limit 75 ¢*84%4/1'/8, which belongs
to the case (a) of Eq. (10), p=~64a®(2c)*?*/(wm*1'?) and
this value is valid at the conditions

B < r<all,

(allm)'? < r<m"3BP41V8, P <1, (14)

which are consistent in a very wide range of the values of 7.

The numerical solution of the equation A=0 for arbitrary
values of ¢ is plotted in the variables 7 and ¢m, ¢=pa® in
Fig. 1. It is seen that the addition of salt gradually shifts the
spinodal towards higher values of the fraction of charged
groups and of the polymer concentration. These curves are in
the range of the applicability of the Debye-Hiickel theory
except for the case 7=~ 1 at small salt fraction. In this regime
orientation of the rods occurs at polymer concentration
smaller than the overlap concentration and is accompanied
by the formation of a Wigner crystal [10]. The expression
obtained for the spinodal is only qualitatively correct for this
regime [10].

V. PHASE DIAGRAM

The phase diagram of the solution is calculated with the
total free energy given by Eq. (7). On this way two simpli-
fications are used. First, the trial function for the orienta-
tional distribution function is chosen in the Onsager form:

@ cosh(au - n)

Ao == (@) (15)

where « is the variation parameter, 0<a<%; =0 and «
>0 correspond to the isotropic and nematic phases of the
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FIG. 1. Spinodal in variables: fraction of charged groups on the
chain, 7, and polymer volume fraction multiplied by the number of
monomer units in the charged rod, ¢m= pa’m, for various values
of the salt concentration; ¢,,,m=ca’m=0 (solid), 1 (dashed), and
10 (dotted).

solution, respectively. Complete orientation (parallel rods) is
attained in the limit @— o when f(u,n) — S(lu—n). Second,
our numerical calculations of Fpy with the Onsager function
for f(u,n) have shown that it can be approximated by a
simple interpolation form

Fou(@) = Forq+ (Fuis = Fora)exp(- a’) (16)

with an accuracy of not less than 10%. Here F, and F,,, are
exact correlation free energies calculated with f(u,n)
=1/(47) and f(u,n)=48(u—n), respectively. It is this form
for Fpy that is used in the calculation of the phase diagram.

The chemical potentials and the osmotic pressure are cal-
culated following a standard way:

{7‘7:”7 salt _ (9‘7:1

_ o1 _ salt r
Min= s /J’i,n - ’ Tin= MinP + :u“i,n C=Tin-
ap dc

(17)

The analysis of the total free energy of the nematic phase as
a function of the parameter a shows that the free energy may
have two minima at finite values of «. It means that two
nematic phases (I and II) differing in the value of the order
parameter can be stable. Phase equilibrium between various
phases is found by solving the following equations:

i(posco) = pu(pr,cy),

salt

;" (posco) = M};alt(Pl’Cl),
m{po-co) = my(p1.c1),

oF, . . .
— =0, 1isotropic —nematic /,
Ja 1

Iu“i(pO»CO) = Iu“n(pb CZ) ’
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FIG. 2. Phase diagram of the solution of charged rods at various
values of the salt volume fraction: ¢,;m=0 (solid), 1 (dashed), and
3 (dotted).

1" (po.co) = py " (pa.c),
77-i(pO’ CO) = Wn(p27 c2) s

OF

ﬁaz

=0, isotropic —nematic I,

Mn(pl s Cl) = Iu“n(pZ’ C2) s

salt

My (p,cy) = ,U«Zah(Pz,Cz),

m,(p1.¢1) = m,(p2.c2),

aF, _o,

3(11
oF, . .
— =0, nematic /—nematic /1. (18)
&az

Here the conditions of fixed numbers of salt ions and rods in
the system have to be taken into account. For example, in the
case of coexisting nematic phases it can be written as ¢V
=cVi+c,V, and pV=p,V +p,V,, where V| and V, are the
volumes of the phases, V;+V,=V. Combining these condi-
tions we get the following relation between ¢y, ¢, p; and p,:

c:clp2 p+C2p P (19)

P2=P1 P2=P1

The resulting phase diagram of the solution is presented
in Fig. 2. The orientational effect of Coulomb interactions
becomes detectable already in the range of small polymer
concentrations (salt-free regime) where the weakly ordered
nematic phase I is stabilized (solid curve). The width of the
phase separation region between the isotropic and the nem-
atic phase is very small and cannot be represented at the
length scale of the diagram. In contrast, the width of the
phase separation region between the isotropic phase and the
highly ordered nematic phase II is significant. It narrows
with the increase of 7 from the maximum value at 7=0 cor-
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responding to the neutral rod chains. In the salt-free solution
(solid curves) this behavior is caused by the increase of the
number of counterions with 7: the contribution of the trans-
lational motion of counterions, which is proportional to 7,
dominates over the Coulomb term ~7* '°. The phase sepa-
ration is always accompanied by entropy losses of those
counterions, which are localized in a denser phase to com-
pensate its macroscopic charge. Therefore, the larger is the
number of counterions, the smaller is the concentration jump
at the phase separation. The coexistence of two nematic
phases at certain intermediate values of the fraction of ion-
ized groups is the result of two stabilizing factors: weakly
and highly ordered nematic phases are stabilized by Cou-
lomb and excluded volume interactions, respectively.

The effect of the low-molecular-weight salt is demon-
strated by dashed and dotted curves in Fig. 2. We can distin-
guish two qualitatively different effects of the salt on the
phase behavior. The addition of salt prevents nematic order-
ing at small polymer concentration because of the screening
of electrostatic interactions between macroions which are re-
sponsible for the stabilization of the weakly ordered phase.
On the other hand, the coexistence of the isotropic (weakly
ordered nematic) and highly ordered nematic phases occurs
at smaller values of the polymer concentration in the pres-
ence of the salt ions compared to the salt-free solution, see
Fig. 2. This effect has an entropic reason. In the salt-free
regime counterions hinder phase separation: the maximum of
the translational entropy of counterions is achieved in the
spatially-homogeneous state of the system, rather than in the
phase separated state where counterions have to be distrib-
uted inhomogeneously between the phases. In other words,
phase separation is impeded when the rods of the rare phase
cannot “draw” their counterions into the denser phase. In the
presence of salt (delivering additional ions of the same sign
as that of the counterions), their entropy markedly increases
and the loss in entropy as a result of phase separation de-
creases: it is no longer significant for the chains whose ions
(host or guest) will be drawn inside the denser phase.

The order parameter S=1-3[a cosh(a)/sinh(a)—-1]/a?
as a function of the polymer volume fraction ¢ at different
values of the salt volume fraction is plotted in Fig. 3. The
horizontal lines correspond to the order parameters of the
coexisting nematic phases. The effect of the salt on the value
of S is significant for the nematic phase I: the increase of
¢, decreases the order parameter. In contrast, the order
parameter of the nematic phase /I is practically not changed
with ¢,,;,. This effect is connected with the dominance of the
excluded volume interactions over the electrostatic interac-
tions at high polymer concentrations. Therefore, the screen-
ing by the salt ions does not play a role.

Our theoretical predictions are qualitatively consistent
with experimental data obtained for various polyelectrolyte
systems. Orienting action of electrostatic interactions was
detected in aqueous solutions of tobacco mosaic virus
(TMV) [12] and of rodlike micelles which are formed by
aggregation of  synthetic  polyelectrolytes  poly(p-
phenylene)sulfonates (PPPs) [13]. In the case of nonaggre-
gated TMV particles (length, L=300 nm; diameter, a
=18 nm), the onset of phase separation of the isotropic, salt-
free solution occurs at virus concentration ¢;~2.3% [12].
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FIG. 3. Order parameter of the nematic phase S as a function of
the polymer volume fraction multiplied by the number of monomer
units in the rod, ¢m, at various values of the salt volume fraction:
bsim=0 (solid), 1 (dashed), and 3 (dotted). The fraction of charged
groups in the chain is chosen to be 7=0.2.

Taking the overlap concentration ¢ =3a?/(2L%) X 100%
~0.54% and the value of ¢; for neutral rods, qﬁio’”
=3.34a/L X 100% =~20% [1] as checkpoints, we can con-
clude that the nematic phase of TMV solution is formed at
concentration, which corresponds to the semidilute regime
but is considerably smaller than that of the neutral rods. Ad-
dition of low-molecular-weight salt (NaCl) destroys the nem-
atic phase which can be restored by the increase of TMV
concentration [12]. Such behavior is consistent with our pre-
dictions for nematic phase / which is stabilized by electro-
static interactions (see Fig. 2). In the case of PPPs micelles,
which are cylinders of the length L=500 nm and diameter
a=3.4 nm, the nematic phase of the salt-free solution ap-

pears at p;=1.1 g/L [13] whereas p"=0.037 g/L and p?"™

1
=12 g/L. Therefore, we also can attribute the nematic order-
ing of PPPs micelles to the electrostatic interactions because

the steric repulsion of the rods can not cause orientation at

VI. CONCLUSIONS

A theory of nematic ordering in solutions of rodlike poly-
electrolyte chains in the presence of low-molecular-weight
salt is developed. The system is treated similarly to the
Debye-Hiickel plasma. We have shown that the many-body
Coulomb interactions favor nematic ordering. The addition
of salt prevents the formation of the weakly ordered nematic
phase at small values of polymer concentration and widens
the coexistence region of the isotropic (or weakly ordered)
and the highly ordered nematic phases at high values of
polymer concentration.
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APPENDIX: CORRELATION FREE ENERGY

One of the possible ways to calculate the Gaussian inte-
grals in Eq. (5) is the replacement of the continuous integra-
tion over the wave vector q, Eq. (3), by a discrete summation
over the wave numbers Kk, q=2ml{k,/L, k,/Lyk/L},
kx,ky,kz=0,il,12,..., where ‘Cx,y,z are the linear dimen-
sions of the system, £,L,L =V

Fhr.r) | g {@+ G

kT 2V x L 7 c c mpty

l _
+ _2|T¢k— bt vy — Vk|2:|’
k

k2 2 k2
2 2 X y Z
=Qm? S+35+5). Al

Then the expressions in the logarithms of Eq. (5) are infinite
products of integrals over variables ¢, &. v and vj.. Diago-
nalization of the square form, Eq. (A1), can be done via the
following variable substitution

Tpl

=&+ (T + 1 — 1, ,
&= &+ (The+ 1y k)Tpl+q12(

_ cl
k

_ cl
M=+ Ty,
k™ Tk wk(7p+20)l+q]2{

SF(pev',7) 1| izpf Ll 1 1
—— = al| =+ )+ nP -
kT 2V ™ gy c
l _ (1 l
e T i G
7pl + g c (mp+c)l+q

+|¢kl2( L, o 2)} (A2)
mpty  (1p+2c)l+ g

Using the well-known result for the Gaussian integral

[ avetosr= %

and integrating the exponents over &, 7, 7 and i, we
obtain

(A3)
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AF

T

™ 2 mpty,

o)L
™ g

el
—d__
ks T nl;[ (1 1)(1 !

!
2 ai

where we have returned from summation to integration.

+ 2
¢ Tpl+qy

1+2c/ +mTt,
Eln<1+7'pl c/(zp) +m "):
k

1 ! )( 1 7l )
-t 2 + 2
c (mp+o)l+q/) \mpty (mp+2c)l+qj

14 d 142/ +mtt,
—f 4 3 ln(l + 7pl ‘ (7';;) " q>, (A4)
2 ) Q2w q
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